We study the analytical structure of the effective action for spin-and massimbalanced Fermi mixtures at the onset of the superfluid state. Of our particular focus is the possibility of suppressing the tricritical temperature to zero, so that the transition remains continuous down to T = 0 and the phase diagram hosts a quantum critical point. At mean-field level we analytically identify such a possibility in a regime of parameters in dimensionality d = 3. In contrast, in d = 2 we demonstrate that the occurrence of a quantum critical point is excluded. We show that the Landau expansion of the effective potential remains well-defined in the limit T → 0 + except for a subset of model parameters which includes the standard BCS limit. We calculate the universal asymptotic shape of the transition line. Employing the functional renormalization group framework we demonstrate the stability of the quantum critical point in d = 3 with respect to fluctuations.
I. INTRODUCTION
Mixtures of cold Fermi gases received enormous interest over the last years both from the experimental [1] [2] [3] [4] [5] [6] [7] and theoretical [8] [9] [10] [11] [12] [13] [14] [15] [16] points of view. This is on one hand triggered by the developments in controlled cooling of trapped atomic gases, and, on the other, by the theoretically predicted possibilities of realizing unconventional superfluid phases in such systems. The latter include, for example, the interior-gap (Sarma-Liu-Wilczek) superfluids [17, 18] or the nonuniform Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) states [19] [20] [21] . The physics explored in this context is not specific to cold atomic gases, but finds close analogies in fields as distinct as the traditional solid-state physics [22] [23] [24] , nuclear physics [24, 25] or astrophysics of neutron star cores [25, 26] .
An interesting question concerns the character of the superfluid transition at T → 0 + .
Such a transition can be tuned, for example, by manipulating the concentration of the different atomic species. As was recognized in a number of mean-field (MF) [27] [28] [29] [30] [31] [32] [33] [34] [35] studies, it is rather generically of first order and becomes continuous only above a tricritical temperature T tri (see Fig. 1 for illustration). However, Ref. 36 identified also a possibility of realizing a quantum critical point (QCP) as well as a quantum tricritical point at the mean-field level.
The question concerning the actual order of the quantum phase transition is interesting since the occurrence of a quantum critical point and the related enhanced fluctuation effects feedback to the fermionic degrees of freedom (see e.g. Refs. 37 and 38) . This leads to selfenergy effects which may, for example, result in a breakdown of the quasiparticle concept and the occurrence of anomalous regions of the phase diagram both within the normal and the superfluid phases. The emergent physics has not as yet been fully explored.
Bearing the above in mind it may seem a bit surprising that the question concerning the order of the superfluid transition at T = 0 has not thus far been addressed in a fully systematic way. The important earlier studies relied on numerical extraction of the MF free energy profiles leading to the phase diagrams. The present work contributes an analytical understanding of the structure of the effective action in the limit of low temperatures and
gives criteria for the occurrence of the QCP. We precisely characterize the parameter region leading to the appearance of a QCP in d = 3 at MF level and a phase diagram as illustrated in Fig. 2 . We demonstrate that a QCP is (at MF level) excluded in d = 2. Our study indicates that the Landau expansion of the effective potential remains well-defined down to T = 0 except for a set of model parameters including the balanced (BCS) case, where the loop integrals defining the Landau coefficients diverge upon taking the limit T → 0 + .
Using a Sommerfeld-type expansion the shape of the transition line can be also calculated at T > 0.
In several condensed-matter contexts [38, 39] , for example the quantum phase transitions in ferromagnets [40] or superconductors [41] [42] [43] , one encounters the situation where the quantum phase transition is driven first-order by fluctuation effects. Using the functional renormalization-group framework, we investigate such a possibility in the presently considered context. The analysis performed in d = 3 points at the robustness of the quantum critical point with respect to fluctuations. No indication of an instability towards a first-order transition is observed.
The structure of the manuscript is as follows: in Sec. II we introduce the considered model and its mean-field treatment leading to the expression for the free energy.
In Sec. III we analyze the Landau expansion and discuss its regularity in the limit T → 0 + . The
Landau coefficients are explicitly evaluated and analyzed in detail in the limit T → 0 + in Sec. IV. In Sec. V we employ the Sommerfeld expansion to address the asymptotic shape of the T c -line. In Sec. VI we discuss the effects expected beyond MF theory. In particular, we perform a functional renormalization-group calculation demonstrating the stability of the QCP obtained at the MF level with respect to fluctuations. In Sec. VII we summarize the paper.
II. MODEL AND MEAN-FIELD THEORY
We consider a two-component fermionic mixture characterized by distinct particle masses and concentrations which may act as tuning-parameters. The inter-species attractive contact interaction triggers s-wave pairing. The Hamiltonian readŝ Fermi surfaces and suppresses superfluidity. The quantity h therefore constitutes a natural non-thermal control parameter to tune the system across the superfluid quantum phase transition. The mean-field phase diagram of the system defined by Eq. (1) was addressed in a sequence of studies spread over the last years. In addition to the normal and uniform superfluid phases (as shown in Fig. 1 Assuming s-wave pairing at ordering wavevector q = 0, the mean-field grand-canonical potential ω(T, µ, h) may be derived along the standard track. It reads:
where ∆ is the superfluid order parameter field and k (·) = excitations' energies are given by:
where Such analysis typically lead to phase diagrams as exemplified in Fig. 1 . We show however that Eq. (2) is also susceptible to an analytical treatment which gives additional insights and allows for making some exact and general statements. 
III. LANDAU EXPANSION
The Landau theory of phase transitions postulates an analytical expansion of ω L (∆):
where we take only even powers of the order parameter, preserving the U (1) symmetry. The
Landau coefficients a i are functions of the system parameters and the thermodynamic fields.
For the present case they may be extracted by taking consecutive derivatives of ω L (∆) given by Eq. (2) and evaluating at ∆ = 0. The coefficient a 2 follows from:
while for the quartic coefficient we obtain
The higher-order coefficients may be derived by differentiating Eq. (2) The analysis of the quartic coupling [Eq. (6)] is slightly more complex. Since potential divergencies in Eq. (6) come from the vicinity of ξ k = 0, we restrict the integration region in Eq. (6) to a shell of width 2 around ξ k = 0. Upon expanding the integrands, performing the integrations, and, at the end, considering T → 0 + , we find that the limit is finite provided
where we introduced r = m ↓ m ↑ and assumed m ↓ > m ↑ . The analysis can be extended to higher
Landau coefficients. As a result we obtain that Eq. (7) gives a (necessary and sufficient)
condition for the regularity of the Landau expansion Eq. (4) in the limit T → 0 + . The above result does not depend on the system dimensionality. For fixed r Eq. (7) describes a straight line in the (h, µ) plane, whose slope diverges for equal particle masses (r → 1 + ). We also observe that the standard balanced case corresponds to the limit h → 0 and r → 1 + , which, from the point of view of Eq. (7) is singular.
Here we also point out that, provided the expansion of Eq. (4) exists, the condition for a continuous transition reads
while a tricritical point occurs iff
IV. ZERO TEMPERATURE
We now consider the limiting form of the expressions given by Eq. (5) and Eq. (6) for
is the Fermi function, we find
where θ(·) is the Heaviside step function. Similarly, taking advantage of the fact that
we obtain the corresponding expression for the quartic coupling
We now analyze the expressions given by Eq. (10) and Eq. (11) for d = 2.
As already explained, the analysis requires considering the distinct regions described in Fig. 4 separately. By doing the integral in Eq. (10) in regime A, we obtain the following expression:
where
and Λ denotes the upper momentum cutoff. Similarly, for the regions B, C, D, and E, we have:
with σ =↑ in regimes B, D, and σ =↓ in regimes C and E.
Finally, for the region F the Landau coefficient a
2 is given by:
The coefficient a (0) 2 must vanish at the QCP according to Eq. (8). In Eqs. (12) (13) (14) , the contribution involving the logarithm is negative (provided Λ is sufficiently large). The attractive interaction coupling g < 0 can therefore be tuned so that a (0) 2 is zero. In an experimental situation this is achievable via Feshbach resonances [50] . Nevertheless, as we show below, the coefficient a
4 is generically negative in d = 2 which renders the transition necessarily first order.
Coefficient a (0) 4
In analogy to the above analysis of the coefficient a 
and vice versa]. For the subsets B, C, D, and E we find:
Finally, for the region F (µ ↑ < 0, µ ↓ < 0) we have:
With the exception of a We conclude that the occurrence of a QCP is generally ruled out for d = 2 at the MF level.
B. d=3
The study in d = 3 parallels the above analysis in d = 2. The parameter space is again split into the distinct regions depicted in Fig. 4 . Evaluating the integrals in Eq. (10) Above we restricted to r ≥ 1. For r ∈]0, 1[ the emergent picture is analogous but h ↔ −h.
C. Particle densities
In this section we discuss the physical significance of the regions considered in Fig. 4 . This requires resolving the relation between the particle densities n σ and the chemical potentials
We begin by considering a reference situation where ∆ = 0 for all possible values of µ and h, which corresponds to the non-interacting two-component Fermi mixture (g = 0). The relation between n σ and µ σ is then given (at T = 0) by
A graph showing this dependence is presented in Fig. 6 for µ > 0 and µ < 0. Obviously, the species σ is expelled from the system if µ σ < 0. Now consider g < 0. Identifying σ =↑ with +1 and σ =↓ with −1, the density of the species σ is given by:
One may now fix µ and h, compute ∆ (see Sec. II) and use Eq. (19) to extract n σ . We first observe that for ∆ = 0 and T = 0 Eq. (19) reduces to Eq. (18). This implies that any conceivable phase transition at µ ↑ < 0 or µ ↓ < 0 occurs between the superfluid and a fully polarized gas. In particular, in view of the results of Sec. IVB, we conclude that all possible QCPs in d = 3 fall into this category. Generically, ∆ > 0 implies the presence of particles of both species in the system. In consequence, a phase transition at µ ↓ < 0 (or µ ↑ < 0) requires that the density of one of the species raises from zero to a finite value (either continuously or discontinuously, depending on the order of the transition). This is illustrated in Fig. 7 , where we plot the densities n ↑ and n ↓ as function of h for two values of µ (one positive and one negative). The plot parameters are chosen so that (for each of the considered values of µ) we encounter a first order phase transition at h < 0 (corresponding to regimes C and E in Fig. 4 ) and a second-order transition at h > 0 (corresponding to regimes B and D in Fig. 4 ).
Summarizing the major conclusions of this section: we have shown that at mean-field imbalance (r 1 or r 1).
V. FINITE TEMPERATURE
The numerical evaluation of the MF phase diagram (see Fig. 2 . We focus on regime B (see Fig. 4 ), which corresponds to the QCP depicted in Fig. 2 . We fix µ and r and perform the low-temperature expansion of Eq.
(5). We obtain:
where the coefficient α(h) is given by:
The first term in the Sommerfeld expansion corresponds to the zero-temperature Landau coefficient given by Eq. (A2) and the second term is the low-temperature correction. We expand a 
where δh is a small deviation from h c . The MF T c -line is described by a power law with the exponent 1/2. Notably δh is positive, in agreement with the numerical results [for example Fig. (2) ].
VI. FUNCTIONAL RENORMALIZATION
The above analysis is restricted to the mean-field level. In the present section we employ the functional renormalization group (RG) framework to discuss fluctuation effects. As we already noted, in a number of condensed-matter contexts one encounters the effect of fluctuation driven first-order quantum phase transitions [38, 39] . Well-recognized examples include the ferromagnetic quantum phase transition [40] or the s-wave [41] as well as p-wave [42] superconductors. In the case of itinerant ferromagnets the transition is first-order at T = 0 due to a term ∼ φ 4 log φ appearing in the effective action upon integrating out the (gapless) fermionic degrees of freedom. A different kind of nonanalyticity of the effective action is generated in the case of superconductors due to the coupling between the order parameter and the electromagnetic vector potential. We argue that no such mechanism is active for the presently discussed system defined in Sec. II. By an explicit functional RG calculation (retaining terms up to infinite order in ∆) we show that the QCP obtained at the fluctuations. We additionally note that the possibility of changing the order of quantum phase transitions from first to second due to order parameter fluctuations was demonstrated for effective bosonic field theories [52, 53] as well as specific microscopic fermionic models [54] [55] [56] [57] [58] [59] . Also (as is indicated by our analysis) in the present situation one anticipates the fluctuations to round the transition rather that drive it first order.
Our present analysis is restricted to d = 3 and proceeds along the line analogous to Ref. 60, where the possibility of driving the quantum phase transition second-order by fluctuations was discussed for d = 2. We also observe, that a similar framework was employed in Ref. 61 for the presently discussed model in d = 3 strictly at the unitary point with the conclusion that the transition is first order both at MF level and after accounting for fluctuations.
Following Ref. 60 we integrate the order-parameter fluctuations by the flow equation for the effective potential:
where ω n are the (bosonic) Matsubara frequencies, ρ = 
with
Finally, R κ (ω n , q) is a regulator function added to the inverse propagator. Its particular form is specified as
The quantity U κ (ρ) may be understood as a free energy including fluctuation modes 
VII. CONCLUSION AND OUTLOOK
We have studied the analytical structure of the effective potential for imbalanced Fermi mixtures with particular focus on the properties of the Landau expansion at T → 0 + and the possibility of realizing a system hosting a quantum critical point. We have shown the Landau expansion to be well-defined at T → 0 + except for a subset of parameters described by Eq. (7). We have demonstrated that at mean-field level the occurrence of a QCP is generally excluded in d = 2. In d = 3 we have found and characterized a parameter regime admitting a QCP. This is restricted to situations where one of the chemical potentials is negative so that the quantum phase transition occurs between the superfluid phase and the fully polarized gas. The second-order transition turns out to be favorable at large mass imbalance r. We have performed a functional RG calculation showing stability of our conclusion with respect to fluctuation effects.
Resolution of such quantum critical phenomena may perhaps soon appear within the range of experimental technologies bearing in mind the dynamical progress in realizing uniform Fermi gases trapped in box potentials [66, 67] .
On the theory side, superfluid quantum criticality constitutes a largely unexplored field involving the interplay of fermionic and collective bosonic degrees of freedom. This applies to both, the uniform case considered here, as well as the hypothetical quantum critical points in nonuniform (FFLO) superfluids [68, 69] . A complete understanding of these systems seems to pose an interesting challenge considering the interplay of a rich spectrum of fluctuations including fermions and Goldstone modes as well as topological aspects related to the Kosterlitz-Thouless physics in d = 2.
Below we present the expressions for a , (A3) whereμ = −µ.
Finally, for the subset F (µ σ , µσ < 0) we obtain the following expression:
Appendix B: Coefficient a
4 for d = 3
Here we present the expressions for a 
For the regions D and E (µ < 0, µ σ > 0, µσ < 0) we have: 
